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1 离散分布

1.1 二项分布 (Binomial Distribution)

多重伯努利实验中，已知事件 𝐴成功的概率为 𝑝，且实验次数 𝑛固定，那么随机变量 𝑋 ——
事件 𝐴 发生次数 𝑋 ：

𝑃(𝑋 = 𝑘) = 𝐶𝑘
𝑛𝑝𝑘(1 − 𝑝)𝑛−𝑘, 𝑘 = 0, 1, ..., 𝑛.

记为：
𝑋 ∼ 𝑏(𝑛, 𝑝) Where 𝐸(𝑋) = 𝑛𝑝, 𝐷(𝑋) = 𝑛𝑝(1 − 𝑝)

curve(dbinom(x, 100, 0.3), 0, 80, col = "red")
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Warning in dbinom(x, 100, 0.3): non-integer x = 1.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 2.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 3.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 4.800000
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Warning in dbinom(x, 100, 0.3): non-integer x = 5.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 6.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 7.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 8.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 9.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 10.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 11.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 12.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 13.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 14.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 15.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 16.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 17.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 18.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 19.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 20.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 21.600000
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Warning in dbinom(x, 100, 0.3): non-integer x = 22.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 23.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 24.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 25.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 26.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 27.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 28.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 29.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 30.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 31.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 32.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 33.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 34.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 35.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 36.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 37.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 38.400000
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Warning in dbinom(x, 100, 0.3): non-integer x = 39.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 40.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 41.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 42.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 43.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 44.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 45.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 46.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 47.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 48.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 49.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 50.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 51.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 52.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 53.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 54.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 55.200000
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Warning in dbinom(x, 100, 0.3): non-integer x = 56.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 57.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 58.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 59.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 60.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 61.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 62.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 63.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 64.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 65.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 66.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 67.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 68.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 69.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 70.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 71.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 72.800000
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Warning in dbinom(x, 100, 0.3): non-integer x = 73.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 74.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 75.200000

Warning in dbinom(x, 100, 0.3): non-integer x = 76.800000

Warning in dbinom(x, 100, 0.3): non-integer x = 77.600000

Warning in dbinom(x, 100, 0.3): non-integer x = 78.400000

Warning in dbinom(x, 100, 0.3): non-integer x = 79.200000

curve(dbinom(x, 100, 0.5), 0, 80, col = "blue", add = TRUE)

Warning in dbinom(x, 100, 0.5): non-integer x = 0.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 1.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 2.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 3.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 4.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 5.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 6.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 7.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 8.800000
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Warning in dbinom(x, 100, 0.5): non-integer x = 9.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 10.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 11.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 12.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 13.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 14.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 15.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 16.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 17.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 18.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 19.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 20.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 21.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 22.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 23.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 24.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 25.600000
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Warning in dbinom(x, 100, 0.5): non-integer x = 26.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 27.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 28.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 29.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 30.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 31.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 32.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 33.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 34.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 35.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 36.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 37.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 38.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 39.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 40.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 41.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 42.400000
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Warning in dbinom(x, 100, 0.5): non-integer x = 43.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 44.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 45.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 46.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 47.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 48.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 49.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 50.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 51.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 52.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 53.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 54.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 55.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 56.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 57.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 58.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 59.200000
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Warning in dbinom(x, 100, 0.5): non-integer x = 60.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 61.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 62.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 63.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 64.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 65.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 66.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 67.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 68.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 69.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 70.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 71.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 72.800000

Warning in dbinom(x, 100, 0.5): non-integer x = 73.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 74.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 75.200000

Warning in dbinom(x, 100, 0.5): non-integer x = 76.800000

10



Warning in dbinom(x, 100, 0.5): non-integer x = 77.600000

Warning in dbinom(x, 100, 0.5): non-integer x = 78.400000

Warning in dbinom(x, 100, 0.5): non-integer x = 79.200000

legend("topright",
legend = paste0("probe = ", c(0.3, 0.5)),
text.col = c("red", "blue")
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curve(pbinom(x, 100, 0.3), 0, 80, col = "red")
curve(pbinom(x, 100, 0.5), 0, 80, col = "blue", add = TRUE)
legend("topleft",

legend = paste0("probe = ", c(0.3, 0.5)),
text.col = c("red", "blue")

)
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两点分布 (Bernoulli Distribution) ，即一重伯努利实验, 为二项分布的特殊分布。

1.2 负二项分布 (Negative Binomial Distribution)

多重伯努利实验中，已知事件 𝐴 发生的概率为 𝑝，那么当事件 𝐴 第 𝑟 次发生，那么随机变量
𝑋 —— 伯努利实验次数：

𝑃(𝑋 = 𝐾) = 𝐶𝑟−1
𝑘−1𝑝𝑟(1 − 𝑝)𝑘−𝑟, 𝑘 = 𝑟, 𝑟 + 1, ...

记作：

𝑋 ∼ 𝑁𝑏(𝑟, 𝑝), Where 𝐸(𝑋) = 𝑟
𝑝 , 𝐷(𝑋) = 𝑟(1 − 𝑝)

𝑝2

几何分布 (Geometric Distrirution) 为负二项分布的特殊分布，即当 𝑟 = 1 时的负二项分
布。

记为：

𝑋 ∼ 𝐺𝑒(𝑝)
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1.3 超几何分布

不放回的随机抽样，设有 𝑁 件产品，其中中 𝑀 件不合格品，从中不放回的随机抽取 𝑛 件，
则其中的不合格的件数服从超几何分布：

𝑃(𝑋 = 𝑘) = 𝐶𝐾
𝑀𝐶𝑛−𝑘

𝑁−𝑀
𝐶𝑛

𝑁

记为：𝑋 ∼ ℎ(𝑛, 𝑁, 𝑀)
𝐸(𝑋) = 𝑛𝑀

𝑁

𝐷(𝑋) = 𝑛𝑀(𝑁 − 𝑀)(𝑁 − 𝑛)
𝑁2(𝑁 − 1)

1.4 泊松分布 (Possion Distribution)

涉及到单位时间，面积，体积的计数过程，数量 𝑋:

𝑃 (𝑋 = 𝑘) = 𝜆𝑘𝑒−𝜆

𝑘!

记为：
𝑋 ∼ 𝑃(𝜆)

𝐸(𝑋) = 𝜆

𝐷(𝑋) = 𝜆

2 连续分布

2.1 正态分布

正态分布含有两个参数 𝜇，𝜎, 其中 𝜇 为位置参数，控制曲线在 𝑥 轴上的位置；𝜎 为尺度参数，
用于控制曲线的参数。记为：

𝑋 ∼ 𝑁(𝜇, 𝜎)

𝐸(𝑋) = 𝜇
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𝐷(𝑋) = 𝜎2

概率密度函数：
𝑝(𝑥) = 1√

2𝜋𝜎𝑒− (𝑥−𝜇)2
2𝜎2

curve(dnorm(x), from = -4, 4, col = "red")
curve(dnorm(x, 0, 2), from = -4, 4, add = TRUE, col = "blue")
legend(

"topright",
paste0("mean = 0, sd = ", c(1, 2)),
text.col = c("red", "blue")

)
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分布函数：

𝐹(𝑥) = ∫
𝑥

−∞
𝑝(𝑡)𝑑𝑡 = ∫

𝑥

−∞

1√
2𝜋𝜎𝑒− (𝑡−𝜇2)

2𝜎 𝑑𝑡

curve(pnorm(x, 0, 1), from = -4, 4, col = "red")
curve(pnorm(x, 0, 2), from = -4, 4, add = TRUE, col = "blue")
legend(
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"topright",
paste0("mean = 0, sd = ", c(1, 2)),
text.col = c("red", "blue")

)
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2.2 均匀分布

记为：
𝑋 ∼ 𝑈(𝑎, 𝑏)

𝐸(𝑋) = 𝑎 + 𝑏
2

𝐷(𝑋) = (𝑏 − 𝑎)2

12

𝑓(𝑥) =
⎧{
⎨{⎩

1
𝑏−𝑎 for 𝑎 ≤ 𝑥 ≤ 𝑏,
0 otherwise.
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curve(dunif(x), -1, 2, col = "red")
legend("topright",

legend = "min = 0, max = 1",
text.col = "red"

)
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𝐹(𝑥) =

⎧{{
⎨{{⎩

0 for 𝑥 < 𝑎,
𝑥−𝑎
𝑏−𝑎 for 𝑎 ≤ 𝑥 < 𝑏,
1 for 𝑥 ≥ 𝑏.

curve(punif(x), -1, 2, col = "red")
legend("topleft",

legend = "min = 0, max = 1",
text.col = "red"

)
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2.3 指数分布

记为：
𝑋 ∼ 𝐸𝑥𝑝(𝜆)

𝐸(𝑋) = 1
𝜆

𝐷(𝑥) = 1
𝜆2

密度函数

𝑓(𝑥; 𝜆) = 𝜆𝑒−𝜆𝑥 for 𝑥 ≥ 0 and 𝜆 > 0.
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curve(dexp(x), 0, 5, col = "red")
curve(dexp(x, rate = 2), 0, 5, col = "blue", add = TRUE)
legend("topright",

legend = paste0("rate = ", c(1, 2)),
text.col = c("red", "blue")

)
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𝐹(𝑥; 𝜆) = 1 − 𝑒−𝜆𝑥 for 𝑥 ≥ 0 and 𝜆 > 0.

curve(pexp(x), 0, 5, col = "red")
curve(pexp(x, rate = 2), 0, 5, col = "blue", add = TRUE)
legend("topleft",

legend = paste0("rate = ", c(1, 2)),
text.col = c("red", "blue")

)
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2.4 Γ 分布

记为：𝑋 ∼ 𝐺𝑎(𝛼, 𝜆) 𝐸(𝑋) = 𝛼
𝜆，𝐷(𝑋) = 𝛼

𝜆2

密度函数

𝑓(𝑥; 𝑘, 𝜃) = 𝑥𝑘−1𝑒− 𝑥
𝜃

𝜃𝑘Γ(𝑘) for 𝑥 > 0 and 𝑘, 𝜃 > 0.

其中，𝑘 是形状参数（也称为度数），𝜃 是尺度参数（与标准差成比例），而 Γ(𝑘)是伽马函数。

curve(dgamma(x, shape = 0), 0, 5, col = "red")
curve(dgamma(x, shape = 1), 0, 5, col = "blue", add = TRUE)
curve(dgamma(x, shape = 2), 0, 5, col = "green", add = TRUE)
legend("topright",

legend = paste0("shape = ", c(0, 1, 2)),
text.col = c("red", "blue", "green")

)
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分布函数

𝐹(𝑥; 𝑘, 𝜃) = ∫
𝑥

0

𝑡𝑘−1𝑒− 𝑡
𝜃

𝜃𝑘Γ(𝑘) 𝑑𝑡 = 𝛾(𝑘, 𝑥
𝜃 )

Γ(𝑘) for 𝑥 > 0 and 𝑘, 𝜃 > 0.

curve(pgamma(x, shape = 0), 0, 5, col = "red")
curve(pgamma(x, shape = 1), 0, 5, col = "blue", add = TRUE)
curve(pgamma(x, shape = 2), 0, 5, col = "green", add = TRUE)
legend("bottomright",

legend = paste0("shape = ", c(0, 1, 2)),
text.col = c("red", "blue", "green")

)
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2.5 𝛽 分布

记为：𝑋 ∼ 𝐵𝑒(𝑎, 𝑏) 𝐸(𝑋) = 𝑎
𝑎+𝑏，𝐷(𝑥) = 𝑎𝑏

(𝑎+𝑏)2(𝑎+𝑏+1)

密度函数

𝑓(𝑥; 𝛼, 𝛽) = 𝑥𝛼−1(1 − 𝑥)𝛽−1

𝐵(𝛼, 𝛽) for 0 < 𝑥 < 1 and 𝛼, 𝛽 > 0,

分布函数

𝐹(𝑥; 𝛼, 𝛽) = 𝐼𝑥(𝛼, 𝛽) = 𝐵𝑥(𝛼, 𝛽)
𝐵(𝛼, 𝛽) for 0 ≤ 𝑥 ≤ 1 and 𝛼, 𝛽 > 0

3 三大抽样分布

抽样分布指的是从总体中抽取样本，样本统计量的分布。这里首先给出三大抽样分布构造的
定义；
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卡方分布为特殊的伽玛分布，在概率论中其定义如下：

𝜒 = 𝛾(𝑛
2 , 1

2)

• 若 {𝑋𝑖}
𝑛
𝑖=1 独立同分布于 𝑁(0, 1)，那么 ∑ 𝑋2

𝑖 ∼ 𝜒(𝑛), 其 𝐸(𝜒2) = 𝑛, 𝑉 𝑎𝑟(𝜒2) = 2𝑛.
• 若有 𝜒1(𝑚), 𝜒2(𝑛), 那么

𝜒1
𝑚𝜒2
𝑛

∼ 𝐹(𝑚 − 1, 𝑛 − 1).
• 若有 𝑋 ∼ 𝒩(0, 1)，以及 𝜒, 那么 𝑋

√ 𝜒(𝑛)
𝑛

∼ 𝑡(𝑛 − 1)

关于抽样分布的几个定理

定理一

若 {𝑥𝑖}
𝑛
𝑖=1 是来自正态总体 𝒩(𝜇, 𝜎2) 的样本，其样本均值和方差分别为

̄𝑥 = 1
𝑛 ∑ 𝑥𝑖, 𝑠2 = 1

𝑛 − 1 ∑ (𝑥 − ̄𝑥)2

则：

1. 𝑋̄ 与 𝑠2 相互独立。
2. 𝑋̄ ∼ 𝒩(𝜇, 1

𝑛𝜎2) → 𝑋̄−𝜇
𝜎⋅√ 1

𝑛
∼ 𝒩(0, 1)

3. (𝑛 − 1) 𝑠2
𝜎2 ∼ 𝜒(𝑛)

定理二

若 𝑥, 𝑦 分别是来自正态总体 𝑋, 𝑌 的样本，其样本方差分别为 𝑠𝑥, 𝑠𝑦，则：

𝑠2
𝑥/𝜎2

𝑥
𝑠2𝑦/𝜎2𝑦

∼ 𝐹(𝑚 − 1, 𝑛 − 1)

定理三

设 {𝑋𝑖}
𝑛
𝑖=1 是来自正态总体 𝒩(𝜇, 𝜎) 的样本，则：

̄𝑥 − 𝜇
𝑠 ⋅ √ 1

𝑛

∼ 𝑡(𝑛 − 1)

test
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